SIX-DIMENSIONAL NEARLY KAHLER MANIFOLDS 
OF COHOMOGENEITY ONE (II) 



FABIO PODESTA AND ANDREA SPIRO 

Abstract. Let M be a six dimensional manifold, endowed with a cohomo- 
geneity one action of G = SU2 x SU2, and Mreg C M its subset of reg- 
ular points. We show that Mrog admits a smooth, 2-parameter family of G- 
invariant, non-isometric strict nearly Kahler structures and that a 1-parameter 
subfamily of such structures smoothly extend over a singular orbit of type S'^. 
This determines a new class of examples of nearly Kahler structures on TS^. 



1. Introduction 

A Riemannian manifold (M, g) is called nearly Kahler (shortly NK) if it admits 
an almost complex structure J, such that g is Hermitian and the Levi-Civita con- 
nection V satisfies {'VxJ)X — for every vector field X. A NK structure {g, J) 
is called strict if Vi, J|p ^ for every p & M and every 7^ w G TpM (see e.g. 
[TUl [TT[ [TOl HOI m] for main properties) . Significant examples are the so-called 3- 
symmetric spaces with their canonical almost complex structures. Recall also that 
the NK manifolds constitute one of the sixteen classes of Gray and Hervella' s clas- 
sification of almost Hermitian manifolds and their canonical Hermitian connection 
D has totally skew and £)-parallel torsion ([12 1 [T3 l [T| [20 l 18)). 

According to Nagy's structure theorem ([20l[21]), any complete strict NK mani- 
fold is finitely covered by a product of homogeneous 3-symmetric manifolds, twistor 
spaces of positive quaternion Kahler manifolds with their canonical NK structure 
and six dimensional strict NK manifolds. This is one of the reasons which raise a 
particular interest for six dimensional strict NK structures. 

It is also known that, in six dimensions, the "strictness" condition is equivalent 
to the fact that the NK structure is not Kahler and that strict NK manifolds are 
automatically Einstein and related with the existence of a nonzero Killing spinor 
(see e.g. [11] [M]). Other reasons of interest for NK structures in six dimensions 
are provided by their relations with geometries with torsion, G2-holonomy and 
supersymmetric models (see e.g. [T| [22l [8l l4] ) . 

Up to now, the only known examples of compact, six dimensional, strict NK 
manifolds are the six dimensional 3-symmetric spaces endowed with their natural 
NK structures, namely the standard sphere = G2/SU3, the twistor spaces CP^ = 
Sp2/U(l) X Spi and F = SU3/U(1)2, and the space x = SU^/SUz. This is 
actually the list of homogeneous strict NK manifolds in six dimensions ([3]). 
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In [23], we started the study of six dimensional strict NK manifolds {M,g,J), 
admitting a compact Lie group G of automorphisms with a codimension one orbit. 
In these hypothesis, we proved that if M is compact: 

a) G is semisimple and locally isomorphic to SU3 or SU2 x SU2; 

b) if G is locally isomorphic to SU3, then (M,g) has constant sectional curva- 
ture (this is true also if M not compact); 

c) if G is locally isomorphic to SU2 x SU2 , then M is G-diffeomorphic to one of 
the following 3-symmetric spaces: the sphere = G2/SU3, the projective 
space CP2 = Sp2/U(l) x Spi or x = SU^/SUz. 

In this paper we focus on the six dimensional strict NK manifolds {M,g,J) 
(not necessarily compact), on which G = SU2 x SU2 acts by automorphisms with 
cohomogeneity one, i.e. with a codimension one orbit. In particular, we know that 
a principal isotropy subgroup is isomorphic to a one-dimensional torus T^^i^^, which 
is diagonally embedded in G (see [23]). 

We start from the following known fact: any strict NK structure (g, J) on a 
given six dimensional, oriented manifold can be completely recovered by its Kahler 
form uj — g{J-, •) and any non-degenerate 2-form w, whose differential duj is stable 
in the sense of Hitchin f|16l [T7]) and satisfying a suitable differential problem, is 
the Kahler form of a strict NK structure {g, J) (see Theorem 12.21 for the complete 
statement). From this, we obtain that, locally, any G-invariant NK structure is 
completely determined by a smooth map f — {fi, . . . , fz) :]a, b[c M — > M^, which 
solves a certain differential problem and which gives the components of the Kahler 
form Lo with respect to a special basis of G-invariant 2-forms along the points of 
a normal geodesic 7 :]a, b[ — > M . We then study the solvability of the differential 
problem on /, first on an open set of G-principal points and then on a suitable 
tubular neighborhood of a singular orbit diffeomorphic to . Our main results can 
be outlined as follows. 

Theorem 1.1. Let G = SU2 x SU2. Then: 

1) There exists a 2-parameter family of non-isometric, non locally homoge- 
neous, G-invariant strict NK structures on G / K x M, with K — T\^^^; 

2) There exists a family of non isometric, G-invariant strict NK structures 
on TS^ = G XSU2 ! smoothly parameterized by ]0,-|-cxd[c M. All such 
structures are non locally homogeneous, except precisely two of them, which 
are G-equivalent to those of suitable tubular neighborhoods of the singular 
G-orbit S c:^ in and x S'^ , respectively. 

As an interesting consequence of (2), we have that the two locally homogeneous 
NK structure {go,Jo) and (gi, Ji) on TS^ are connected by a smooth family of 
non locally homogeneous NK structures {gt, Jt), t e]0, 1[. The interesting problem 
to determine how many of these NK structures can be G-equivariantly completed 
remains unsolved. Note that any such structure admitting a G-equivariant com- 
pactification would give a new NK structure on either or x S^. 

Other interesting information are given by the proofs of the above results. In 
fact, the proof of (1) clearly shows that any smooth family of non-isometric G- 
invariant NK structures on G/K x M can be described by at most two parameters. 
The proof of (2) shows that any G-invariant NK structure {g, J) on TS^ is isometric 
to one of the structures described above. We may therefore say that the isometric 
moduli space M of such NK structures on TS^ can be identified with = M. 
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The structure of the paper is as foUows. In §2 and §3, we recaU some known 
facts on stable 3-forms and six dimensional strict NK structures and use them to 
determine the differential problem that characterizes the map / = (/i,...,/5), 
associated with G-invariant strict NK structures. In §4, we show that, modulo a 
finite group of transformations, the map / is an isometric invariant of any such NK 
structure and we give the explicit expressions for the /'s associated with locally 
homogeneous NK structures. In §5 and §6 we prove claim (1) and (2) of Theorem 
11.11 respectively. 

Given a semisimple Lie group G (which, in almost all the paper, is always as- 
sumed to be G = SU2 X SU2) and an action of G on a manifold M, we denote by q 
its Lie algebra, by B the Cartan-Killing form of g and we use symbols of the form 
X to indicate the vector fields on M corresponding to elements X € q. 



2. Preliminaries 



2.1. Stable 3-forms of oriented 6-dimensional vector spaces. Let F be a 

6-dimensional real vector space with a fixed orientation and consider the standard 
action on A'^V of the orientation preserving transformation in G = GL^(y). It 
is known (e.g. [26l [17]) that K^V can be divided into the following disjoint G- 
invariant sets: a G-invariant hypersurface (A^V^)o = { P = }, given by the zero 
set of a suitable relative G-invariant irreducible polynomial P of degree 4, and the 
complementary open sets 

{IS?V)^ = { P < } , (A^y)+ = { P > } . 

These two sets are open G-orbits and their generic stabilizers have connected com- 
ponents conjugate to SL3(C) and SL3(M) x SL3(M) respectively. 

The polynomial P is defined as follows. We consider the isomorphism A : 
\5y* — ^ Hom(F*, A*^F*) = V <S} A^V* that is induced by the wedge product 
A : A'^V* V* -> A^V^*. We fix a non zero element r £ A^V^* and for every 
9 e A^V* we define Se e End {V) as follows: given v £V 

AiiyO A 9) = Sg{v) (g> T. (2.1) 

One can check that Sg = P{9)Idv for some polynomial map P : A^V* — R and 
that P is irreducible, of degree 4 and SL(y)-invariant (see e.g. [26], p. 80), which 
depends on the choice of volume form as follows: if P, P' are determined using 
volume forms t, t' = c ■ t, respectively, then 

P' = \p . (2.2) 

By definitions, for any 9 € {A^V)- = { P < }, the endomorphism 



J. ^j=p^S. (2,3) 

is a complex structure. We call any 3-form 9 G {A^V)- a stable 3-form and the 
corresponding Je the complex structure determined by 9 (relatively to the given 
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orientation). We conclude pointing out that for any 9 G (A^V)- the complex 
3-form 

a=^i0 + ij;e) (2.4) 

is of type (3,0) (see e.g. Prop. 2 and formulae (8), (9) in [17]). In particular, 
i(v+ijBv)(^ — for any v £V and hence, for any Vi,V2tVj, £ V, 

9{Jevi,JeV2,JeV3.)^9[Jevi,v2,vz) . (2.5) 

2.2. Stable 3-forms and NK-structures. Let M be a 6-dimensional oriented 
manifold. 

Definition 2.1. A 3-form if) on M is called stable if il^x is stable for any x e M . If 

is stable, we consider the almost complex structure on M such that ( J^)!^; := J^^ 
at every a; S M, where J^^ is defined as in (|2.3p . 

The following is well-known (see e.g. fH [H [171 [6j [25] ) . 

Theorem 2.2. Let uj e h?T*M and ip € A^T*M so that: 

i) '0 stable, uj is Jf^, -invariant and g — U){-,J^-) is positively or negatively 
defined; 

ii) there exists /i G so i/iai 

duj = 3')/' 

(2.6) 

d{J^ip) = -2fi ■ LU Auj . 

Then {g,J^) (or (g,—J.^)) is a strict NK structure on M with scalar curvature 
s — 30/i. 

Conversely, let {g, J) be a strict NK structure on M with (constant) scalar cur- 
vature s and denote by lu = g{J-,-) and ip — ^duu. Then lu and satisfy (i) and 
(ii) with M = ^ '^"'^ ~ ^Jip- 

Remark 2.3. In (i), the condition "w is J^-invariant" is indeed redundant, if the 
system (|2.6p is satisfied. Namely, 3w A ■0 = ^d{Lu'^) ~ 0. 

Remark 2.4. Conditions (i) and (ii) were considered for the first time by Reyes 
Carrion in his PhD thesis. 

2.3. NK-structures of cohomogeneity one for an SU2 x SU2-action. We 

recall that the action of a compact connected Lie group G, acting almost effectively 
and isometrically on a Riemannian manifold (M, 5), is of cohomogeneity one if the 
generic orbits have codimension one. The points in such generic orbits (i.e. whose 
G-isotropy is, up to conjugation, minimal) are called regular and constitute an open 
and dense G- invariant subset M^^g C M. 

If we denote by ^ a unit vector field on A/rog, which is orthogonal to all G- 
orbits, its integral curves are geodesies that meet every G-orbit orthogonally. More- 
over, any regular orbit G ■ p = G/K admits a tubular neighborhood which is G- 
equivariantly isometric to the product ]a,b[xG/K, ]a,b[c M, endowed with the 
metric 

g = dt^+gt, (2.7) 
where gt is a smooth family of G-invariant metrics on G/K and the vector field 
d/dt corresponds to ^. 
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Let {g, J) be an NK structure on M and G a compact connected Lie group acting 
isometrically with cohomogeneity one on {M,g). Throughout the fohowing we will 
always suppose that G preserves the almost complex structure J. Note that this 
condition is automatically satisfied if the manifold is compact and the metric has 
not constant sectional curvature (see !l9 , Prop. 3.1). 

Due to p.7|) , any regular point of an NK manifold of cohomogeneity one admits a 
neighborhood which is locally identifiable with a Riemannian manifold of the form 
M —]a, b[xG/K, endowed with the NK-structure {g, J) associated to a G-invariant 
pair {uj,ijj), that satisfies (i) and (ii) of Theorem (|2.2p and so that for every X E g 

5(e,0 = i. giLX)^o. (2.8) 

In the rest of the paper, we will be concerned with the strict NK-structures on 
6-dimensional manifolds of cohomogeneity one w.r.t. G = SU2 x SU2. By Lemma 
3.3 in [23 , which holds also when the manifold is not compact, we can suppose 
that, up to an automorphism of g, the Lie algebra 4 of a regular isotropy subgroup 
K is diagonally embedded into a Cartan subalgebra of g, i.e. 

i = R ■ {H,H) e 5U2+5U2 (2.9) 

for some generator _ff of a Cartan subalgebra f) C SU2. 

We conclude this section by fixing some notation and a particular basis for 
SU2 +SU2, which is particularly useful for our computations and will be constantly 
used in the rest of the paper. 

- B always denotes the (negatively defined) Cartan-Killing form of SU2 ; 

- n = (K. • H)^ is the i3-orthogonal complement of f) = M • iJ in SU2; 

- with no loss of generality, we always assume that ad(_ff)|n is a complex 
structure on n; 

- {E, V) is a basis for n with B{E, E) = B{V, V) = -1 and V = [H, E]; 

- the basis of SU2 + SU2 which we constantly consider is given by the elements 

U:^iH,H), A:^{H,^H), 

El {E, 0) , Vi {V, 0) , E2 (0, E) , V2 (0, V) ; (2.10) 

- 7 is the curve 7^ = {t,eK) e]a, 6[x(SU2 x 'S\]2)/K and C = 

- for any point 7^, we denote by Bt the basis for T^^M equal to 

Bt = {i,XEuVuE2,V2)^,; (2.11) 

we also denote by {£,* , A* , El,Vi , El,V2)-it the corresponding dual 

coframe in T*^M . With no loss of generality, we will always assume that 
M is oriented and that Bt is in the prescribed orientation for any t. 

3. The equations 

In this section, we want to determine the differential problem that characterizes 
the G-invariant pairs {uj,ip), with G = SU2 x SU2, on a manifold M as in (|2.9p . 
corresponding to NK structures. 

We first describe the G-invariant 2- and 3-forms on M. With the notation 
and assumptions of ^ 32. 31 any G-invariant p-form w is uniquely determined by the 
values of ro-yj on the tangent spaces T^^M, 74 — {t, eK). Since the curve 7(]a, &[) C 
Fix{K), the form w is G-invariant if and only if w^^ is if -invariant for any t. 
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Now, the tangent space Tj^AI decomposes into the fohowing i^-moduh 

T^,M Ei\j„Vi\^, > © < E2U,,V2U, > © < ^7t'^7t > > (3-1) 

where K acts irreducibly on the first two and trivially on the last one. 

Using this, we determine the spaces of if-invariant 2-forms of the tangent 
spaces Tj^M and we obtain that the space of G- invariant 2-forms is generated 
over C°°{]a, b[) by the five invariant forms a;', 1 < i < 5, defined by 

ujXt^CAA*, oj%,=ElAV{, ojX,=E;aV*, 

= E* A E; + V\* A V^* , uj^\-y, = El A V^* - V^* A E^ . (3.2) 
In a similar way, we obtain that the space of G-invariant 3-fornis on M is generated 
over C°°{]a, b[) by the eight invariant 3-forms '0°% a = 1, 2, i = 2, . . . , 5, defined by 

Due to this, the G-invariant strict NK structures on M are in natural correspon- 
dence with the collections of real functions fi,Paj € C°°Qa, b[) such that the pairs 

{io^f.uj' , V=Pa,V'"0 (3-3) 
satisfy the conditions of Theorem 12.21 together with the constraints (|2.8p . 

Let us now consider the following lemma. 
Lemma 3.1. The condition i(j = ^duj on forms p.3|) is equivalent to the equations 

P22 = P23 = , (3.4) 

Pi2 = y+^Y^, ^i^ = y-T2' ^^-'^ 

Pl4 = y , Pl5 = y , P2i = ^/s , P25 = -^/4 ■ (3.6) 

Proof. Using the fact that the flow $^ of ^ = ^ commutes with the action 
of G on M, it is immediate to realize that the G-invariant forms a;' are also 
invariant. By G- and $^-invariance and Koszul's formula, it follows that for any 

X,Y,Z e SU2 + SU2 

du\C,X,Y)=^'{^,{X^']) (3.7) 

and 

dw*(X,r,Z) =cj*(X,Il^)+cj'(r, [Z^])+u;'(^, [?3l) ■ (3.8) 

Using dniZl), dXHl) and the fact that [E^,Vi\ = ^'^j""' A (mod MC/) for i = 1,2, we 
see that 

d< = A - uj') , = dul = , (3.9) 

duj^^^ -2{A* Auj%^, duj!^^=2{A* Auj%^ . (3.10) 
From this and the G-equivariance, we have that the equality 

V' = PitC A + P2i^* A tJ* = ^dcj = id(/jW^) 

is equivalent to - ((331) . □ 

The next lemma gives the conditions corresponding to the stability of ip and to 
condition dlH). 
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Lemma 3.2. Given a pair ()3.3p satisfying (13. 4p - (|3.6p . we have that ip is stable, 
Lo is -invariant and g = u)[-, J^-) satisfies (|2.8|) if and only if at all points of]a, b[ 
the following conditions hold 

i) /i < and fi and f^ are of the form 

fi = f4Cos6'o , /5 = f4sin6'o , (3-11) 
for a suitable function < f4 G C°°(]a, &[) and some constant Oo € M; 

ii) 



4f^ 



'{f,f - (/2 + 4) (^3 -^))ih?=0, (3.12) 
iii) 

(f;)'-f/2 + 4V/3-4')>0- (3.13) 



// (i) -(iii) are satisfied, is represented in the basis (|2.1ip by a matrix of the 
form 

J,= fo I) (3.14) 



where, if we put q=p(^-\- p{^ - pupia, 



L = 



K=\ y ^ , (3.15) 

V V^ll^ ° J 

Co -P15P24+P14P25 P13P25 — P13P24 \ 

P15P24-P14P25 P13P24 P13P25 | 

P12P2B P12P24 P15P24-P14P25 I " 

-P12P24 P12P25 -P15P24+P14P25 / 

Proof. We fix a point p — in the curve 7 and we consider the orientation of 
TpM given by Bt^. From definitions, up to a factor, we get 

'S'lAp (?p) = (Pi4P24 + PibP2b)ip + {P12P13 - pIa - Pi5)K ' (3.16) 

S,Pp{Ap) = {pli+pl^)£.p - {pi4P2A+Pl5P25)Ap . (3.17) 

Assume now that ipp is stable (i.e. Piipp) < 0) and that (|2.8p holds. Since 

= \/-P{'4'p)J^p and gp{J,Pp{£.p),£,p) = 0, we have 

ff('5'^p(?p)j?p) =Pi4P24+Pi5P25 =0 ''P* flifb-fifi^O- (3.18) 
Using ([XT5)) in (jXTCl) and (I5T7)) . we get that 

^(V-p) -(P24 + P25)(Pl4 + Pl5 - P12P13) = 

4 



81 



+ ((/l)^ + (/^)^ - (/^ + ^) (/3-^ 



< . (3.19) 



From this we see that /| + /| > 0. By p.l8p either ^ or is constant (according 

to the case /4 ^ or /s 7^ 0). If we set := \/ fi + f^, we get that fi and /s are 
as in ([3lT|) . Moreover, using p.l6p . ()2.8p and p.l9p 



/i(to)^c.p(e.^) = - 2 ^^/^"^ -^ <0 (3.20) 

H4 + Pl5 - P12P13 

and (i) follows. Then, (ii) follows from equality p.20p using (i) and p.Sp - (|3.6p . 
while (iii) follows from (ii) using the fact that /i and fi do not vanish. 
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Conversely, it is immediate to check that (|3.11|) - p.l3|) imply that 'ipp is stable 
and that (|2.8p is satisfied. 

Finally, assume p. lip - p.l3p . Through a direct but lengthy calculation, one 
can check that the complex structure = —j===S^ is of the form p.l4p at any 

point 7t. Using this, one can also check that lu is J^-invariant.D 



Theorem 3.3. Let {uj,ip) be as in p.3p . It satisfies (j2.8p and all conditions of 
Theorem \2.2l but the positivity of g = uj[-, J^-), if and only if the Paj 's are as in 
p.4p - (13. 6p and the functions fi 's satisfy the following: 

i) fi and f^ are of the form fi = f4 cos 6o and /a = f4 sin 9o for some constant 
0o G K and a positive function < f4 G C°°(]a, 6[); 

ii) /i < and {f^f - i^f'^ + ^) (/^ - 4) > at all points; 

iii) fi, /2, /a, f4 satisfy the differential system 
r [(/^ + i/i)/i]' + 12M/i/2 = , 



[(/^-i/i)/i]' + 12M/i/3 = 
(n/i)' - + 12M/if4 = , 



I /i(/2 - /a + i/i) + 48/i(/2/3 - fl) = 



together with the algebraic condition 



4f 



/i 



to he satisfied at some to G]a, h[. 



(3.21) 



(3.22) 



Proof. After Lemmas 13.11 and 13. 2[ it remains to consider the equation dij: = 
—2fiio A io with -0 — J^ip. 

By the G-invariance, -0 = J^tp is of the form if} — J2ajPaj'^"''' suitable 
Paj e C°°(]a, 6[). Using dHH]) and ((XTl) . we see that for j = 2, . . . , 5, 



/p?4 +P15 --Pl2Pl3_ 



-P2j , P2j 



Pl4 + Pl5 - P12P13 



(3.23) 



On the other hand, if we assume that (12.81) is satisfied, then (|3.20p holds and 
therefore, using (13. 4p - (|3.6p . 



P21 = Pii = P12 = Pl3 = 



P24 



/1/4 



3 

P2!: 



P23 



/1/5 



2/5 



2/4 

•J /I 



3 ' " " 3 
We now compute dijj along the curve 7. It is not difficult to see that 

dA 



1 



4^ ' 



(3.24) 
(3.25) 

(3.26) 
(3.27) 
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and therefore, using ([3^ . ([3?T0| . (|3^ together with the fact that A w-J = for 
j > i — 2,3, we get that, at the points of 7, 

= p'^^C AA* Aoj^+ p'23r /\A* Auj^ + (p'24 - 2pi5) r A A* A uj'^+ 

+ (p'25 + 2pi4) r A A* A + i (p22 - P23) r A ^ c^'. (3.28) 

Now 

5 

c^Awl^, =2^/1/, ^*A^*Au;^|^,+2(/2/3-/|-/|) w^Aw^i^^ (3 29) 

1=2 

and therefore, comparing ^ and (I3.29P and using (I3.24p . p. 241) . p.26p . we see that 
the equation dtp = —2fiLo A a; is equivalent to the system of equations (I3.2ip . 

Summing up, by Lemmas 13.11 and 13.21 and previous arguments, the conditions 
of Theorem 12.21 (with the only exception of the positivity of g) are equivalent to 
(i), (ii), p.2ip and p.l2p . On the other hand, a straightforward check shows that 
whenever the /i's satisfy the first three equations of (I3.2ip . then the derivative 
of p. 121) coincides with the derivative of the last equation of p.2ip multiplied by 
— ^ij^. Hence, if we assume that fi{t) < 0, for any solution of p.2ip the derivative 
of p.l2p is identically and p.l2p is satisfied as soon as it is satisfied at just one 
point to =]a, b[.\3 

Remark 3.4. Given a NK structure {g, J) on the manifold M, we may consider the 
corresponding Kahler form uj and the almost complex structure with ip = duj. 
By Theorem 12.21 we have that J = ± = and therefore the NK structure 
(5, J) is uniquely associated to (/i, /2, /a, /4, /s) or to (-/i, -/2, -/s, -A, -/s), 
where the f-s are the functions described in the theorem above. 

4. COHOMOGENEITY ONE NK STRUCTURES THAT ARE LOCALLY HOMOGENEOUS 

4.1. Local and global homogeneity. 

Proposition 4.1. Let {M,g,J) be a 6- dimensional strict NK-manifold, admit- 
ting a cohomogeneity one action of SU2 x SU2 preserving the NK structure. 
Then (M, g, J) is locally homogeneous if and only if it is locally equivalent to 
one of the following compact homogeneous NK spaces: (a) the standard sphere 
= G2/SU3; (b) the twistor space CP^ = Sp2/T^ x Sp^; (c) the homogeneous 
space X = SU^/(SU2)diag. 

Proof. Given po G M, let g be the Lie algebra of the germs at Po of the Killing 
vector fields of (M, g) preserving J, and denote by 1 C g the isotropy subalgebra at 
Po. By hypothesis 

D SU2 + SU2 , t D I n (SU2 + SU2) = M . 

We recall also that t is reductive and naturally embeddable into SU3. It follows 
that it is isomorphic to R, R^, SU2, M + SU2 or SU3. We denote by G the simply 
connected Lie group with Lie{G) — q and hy K d G the connected Lie subgroup 
with Lie{K) = f. 

We claim that K is closed in G. Suppose not, so that 1 = Lie{K) D 6. In this 
case t is an ideal of f and therefore, using the reductiveness of {, there exists an 
ad(t)-invariant decomposition I = £ + p with p ^ {0} and [t, p] — 0. 
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Consider the reductive decomposition g ~ i+V oig, with V ~ and the adjoint 
action ad( \ v C su{V). From the existence of the space p ^ {0} commuting with {, 
we see that { is isomorphic to M or to SU2. Since K is not closed, the Lie algebra i is 
not semisimple (see e.g. \15^ p. 152), hence i = R and therefore i = tCi (su2 + SU2). 
Hence K coincides with the isotropy subgroup of S" = SU2 x SU2. In particular, 
K is closed in S. Being semisimple, S is closed in G and K is closed in G, too, 
contradicting K C K. 

Being K C G closed, {M, g) is locally isometric to an homogeneous NK manifold 
(Af = G/K,g,J) ([271 Looking at the classification of 6-dimensional homo- 

geneous NK manifolds ([51) and using P5| Thm. 1.1, one can directly check that 
an homogeneous NK manifold admits a cohomogeneity one action of SU2 x SU2 if 
and only if it is one of those listed in the statement. □ 

4.2. Locally homogeneous NK structures and their associated functions 

4.2.1. The invariant NK structure of — G2/SU3. We identify the standard 6- 
dimensional sphere with the unit sphere C Im O ~ in the space of imaginary 
octonions, endowed with the standard metric g induced by the Euclidean product 
< x,y >= ■^{xy + yx). We recall that the algebra of octonions O can be defined as 
the vector space H'^ = H (M • e), endowed with the product rule (see e.g. [5]) 

(gi + q2e) ■ (ri + r2e) := (qiri - r*2q2) + {r2qi + q2r*)e . 

The sphere inherits a natural almost complex structure J, which is defined as 
follows: for p G and v G TpS^, we define Jp{v) := ^{p-v — v -p). It is well known 
that the pair {g, J) is a G2-invariant strict NK structure with scalar curvature 

s = 30([g]). 

Identifying unit quaternions with elements of SU2 in a standard way, we have 
the following action of G := SU2 x SU2 on ImO 

(gi, 92) ■{a + b-e) = {qi-a- ql) + {q2 ■ b ■ ql) ■ e . (4.1) 

This action provides an embedding of G C G2 = Aut{S^,g, J) and the orbit space 
S^/G is one-dimensional with principal orbit diffeomorphic to SU2 x SU2/Tjj^g, 
and two singular orbits 

G • i ~ SU2 X SU2/ri X SU2 - , G • e ~ SU2 X SU2/SU2diag = . 

The curve jt = cost • i + s'mt • e is a normal geodesic for this action, i.e. it is a 
geodesic orthogonal to all G-orbits. Moreover, a basis for SU2 +SU2, with the same 
properties of (|2.10p . is given by 

u^{{t A).(t A)), ^-((t -»)•(-? ;))• 
--((4 t).»). ^.^((j, t),o), 

It is now easy to check that the Kahler form a; is given by w = /iW* , where the 
2- forms Wi, 1 < i < 5, are defined as in ^ and the functions fi are as follows 

/i = — sin t , /2 = - (4 — 9 sin^ t) • cos t , /a = — sin^ t ■ cos t , 
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/4 = , /5 = o ^i"^ t-COSt . 
o 

It is immediate to check that, for t e]0, these functions satisfy Theorem 13.31 (i) 
- (iii) with ij = — 1. 



4.2.2. The invariant NK structure ofCP^ — Sp2/T'^ x Spj^. It is known that there 
exists an invariant strict NK structure {g, J) on the twistor space Sp2/T^ x Spj^ = 
CP^, with scalar curvature s = 60, which can be described as follows. We consider 
the ad(ti+spi)-invariant decomposition sp2 = (ti+spi)+pi+p2 wherepi = and 
p2 = H. The module pi +p2 identifies with the tangent space of CP^ at the origin 
o :— [T^ X Spi] and the metric g can be described as the unique Ad(T^ x Spj^)- 
invariant scalar product on pi + p2 with the following properties: (7(pi,p2) = 0, 
it induces on p2 = H the standard Euchdean product 5(91,(72) = Re{q1 ■ 92) and 
g{W,W) = i, where W = diag(j, 0) G p2 (see e.g. Finally, J is defined 

as the unique Sp2-invariant almost complex structure which corresponds to the 
multiplication by —z on pi and by i on p2. 

The subgroup G ~ Spi x Spi C Sp2 acts on CP'^ with codimension one principal 
orbits G-equivalent to SU2 x SU2/T^\a,g. A singular orbit is G • o and the curve 
7t = exp(( i'j q)) • o is a normal geodesic for the action. 

A basis for SU2 + SU2 C sp2 as in (|2.10p is given by the following matrices in sp2 

U = diag [LI;] , A = diag ( ^, ) , E'l = diag ( -^,0 



2'2; ' ^"^^V2' 2) ' ' ^V2V2 

Vi = diag ( 1 , E2^ diag ( 0, ) , V2 = diag ( 0, ^ 



\2V2' J ' 2V2y ' 2V2 

As in the previous example, an easy computation shows that 

fi = sin t ■ cos t , f-) — — (2 sin'^ t — cos^ t) ■ cos^ t , 
16 

1 3 
/a = — (2cos2t-sin2t) -sin^t , /4 = , /s = -— sin^ i • cos^ t . 
16 16 

For t g]0, the functions — /i's satisfy Theorem 13.31 (i) - (iii) with /i = = 2 

(see Remark [ 



4.2.3. The invariant NK structure of x = SU2/(SU2)diag- We recah that 
SU2/(SU2)diag can be naturally identified with x 5*^ using the fact that L :— SU2 
acts transitively on x = SU2 x SU2 by the map 

{91,92,93) ■ {xi,x2) = {91X193^, g2X2g3^) 

with isotropy (SU2)diag C SU2. We denote by f) = {{X,X,X) , A e SU2 } the 
isotropy subalgebra of ( and we consider the ad (f)) -invariant decomposition 1 = fi+m, 
in which m = { (Ai, X2, A3) G ( , ELi X^ = 0}. 

It is known that there exists an invariant NK structure {g, J) on SU2/(SU2)diag, 
with scalar curvature s = 60, which is defined as follows. The almost complex 
structure J is (up to a sign) the unique invariant tensor which acts on m as follows 

J(Ai, A2, A3) = 4=(2A3 + Ai, 2Ai + A2, 2A2 + A3). 
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The metric g is the invariant Riemannian metric which induces on m the inner 
product g :— ~ji{B ® B ® S)|mxm, where B is the Cartan-Kihing form of SU2. 

We consider the subgroup G C L given by G = {{g,h,g) € L; g,h £ SU2}. 
Then G = SU2 x SU2 acts on SU2/(SU2)diag with cohomogeneity one; the following 
curve is easily checked to be a normal geodesic 

7t = exp(iiV) • o , N = V6(^(j^ ^)'0'(~o^ J))^""' ^'^'^^ 

If we choose the same basis U, A, Ei,Vi,E2, V2 of SU2 + SU2 as in section ii4.2.11 we 
easily see that the corresponding functions fi are given by 

/i = -^, /2-||sin(2V6t), /3 = 0, 

/4 = 0, /5 = -:^sin(V6t) , 
6b 

which satisfy Theorem [331 (i) - (iii) with ^ = ^ = 2 for t e]0, 



4.3. The functions /^'s as isometric invariants. 

Proposition 4.2. Let {w — fiUj^,ijj) and {ui — fiUj^,-ip) be pairs as in p.4p satis- 
fying Theorem Iff.ffl (i) - (iii) and associated with NK structures {g,J) and {g,J), 
respectively, on M —]a,h[xG/K. Let also f4 — \/ fl + and — \/ + /s-^. 

There exists a local isometry ip : U d M — > M between g and g if and only 
if, on a suitable subinterval I c]a, b[ and modulo compositions with suitable shifts 
of parameters t 1 — > t + c, the quadruple (/i, /2, /s, f4) = t(/i, /2, /a, f4) where r 
belongs to the group of transformations generated by 

Ti{xi{t),X2{t),X3{t),X4{t)) = {~Xi{~t),X2{~t),X3{-t),X4{-t)), (4.4) 
T2ixi{t),X2{t),X3{t),X4{t)) = {-Xi{t),-X2{t),-X3it),X4:it)), (4.5) 
T3{xi{t),X2{t),X3{t),X4{t)) = {xiit),-X3{t),-X2{t),X4it)). (4.6) 

Proof. Let (p : U ^ V he an isometry, where U, V are open subsets of AI, with 
'P*9 = 5i hence (p^J = ±J. We denote by s and s the Lie algebras of Kilhng 
vector fields on {U,g) and (V,^') respectively, so that the map (p induces a Lie 
isomorphism (/3* : s — >■ S. 

First of all, we assume that s = 5 = q = SU2 ffi SU2. 

In this case, ip maps (locally) any G-orbit into a G-orbit and therefore f^i^) ~ 
Replacing ip hy h o ip for a suitable /i G G and up to a reparameterization 
1 1— >■ t + c , we can suppose that (^(7*) = 7±t. We can always reduce the case ip^jt) — 
7t, by possibly considering the map a : {t,gK) 1 — > (—t,gK) and the isometry 
ip' — ip o a between cr^g and g. Notice that the quadruple (/{, /j, f^, f'4) associated 
with ((T*g, cr* J) is obtained from the quadruple of (g, J) by the transformation (|4.4p . 

If we now think of as an automorphism of the Lie algebra g, we see that 
ip*{i-) = t because ip preserves 7. It then follows that maps the centralizer of t 
in g onto itself, hence ip^,{A) = ±A. 

Case 1: p^:{A) — A. If rii {i — 1, 2) denotes the linear span of {Ei, Vi] in g, we see 
that p^ either preserves or exchanges rii and n2. 

Lemma 4.3. If ip^{ni) = fori = 1,2, then the two quadruples coincide. 
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Proof. Put $i 'f*\n, e End (rii) for i = 1,2. Since (p^:{A) — A, we have that $i 
commutes with ad(v4)|ni, hence det$i — 1. With respect to the basis Bi — {Ei, Vi} 
of rii, we can write the matrix of $,i as ^ -^°sin(e ) cos(e') ) ^'^^ some 6*^ e M, i = 1, 2. 
This imphes that (p*{ujj)\-y^ — LOj\j^ for j = 1,2,3, while ip*{u!^)\j^ — cos(6'i — 
02)tuX, and ip*{to')U, = sin(0i -02^^17. • Since ip*{fjtu^)U, = fMitu^)\y, = 
/jW-'l^j , the claim fohows. □ 

Lemma 4.4. Ifip^{ni) = n2 andip^{n2) = ni, then (/i, /2, /a, f4) =T3(/i, /2, /a, f4). 

Proof. Let $ = ( ) be the matrix of the endomorphism iy9*|n w.r.t. the basis 
B given by (E'l, Vi, -^2, V2), where $i G 0(2) for i = 1.2. Since iy9» commutes 
with ad(A), we have that det$i = —1 for i = 1,2. This implies that (p*u!^\^^ = 
^^Ut and <f*u}'^U, = -u}%,, (p*uj^\',t = -uj^U^^ while 1^*^%^ = (aw"* + buj^)\j^ 
and ip*uj^\j^ = {—buj'^ + auj^)\-y^ for some constant a,b with + 6^ = 1. Since 
fj(p*{uj^)\^^ — fjUi^\^^, we get our claim. □ 

Case 2: '^^{A) — —A. We consider the automorphism of G = SU2 x SU2 given 
by 'ijj{gi,g2) = (32,51) and the corresponding diffeomorphism of G/K and of M 
given by tp(t,gK) = {t,ip{g)K). Note that ip^,A = —A and that the NK structure 
{iptg,ip*J) is represented by the quadruple T2(/i, /2, /s, f4). By construction, the 
isometry (p :— ip o Lp satisfies the hypothesis of Case 1 and we get our claim. 
The sufficiency can be dealt with in a similar way. 

We now discuss the case where s ^ g. By the results in [251 and Proposition 231 
this occurs when the NK structure {g, J) and (5, J) are both locally homogeneous 
with s ~ g2, sp2 or bvl^. In all these cases, there exists a local isometry ip : V CI 
M — > V C M of {M,g), which preserves J and so that {ip o (p)^,{g) ~ g. Indeed, 
in the first two cases there is only one subgroup locally isomorphic to G in G2 or 
Sp2 up to conjugation. In the third case, two subgroups of L := SU2, isomorphic 
to SU2 and acting by cohomogeneity one on Q := SU2/SU2 are related by an 
outer automorphism cr of L interchanging two factors and any such a induces an 
automorphism of the NK structure on Q. 

Hence, there exists a local equivalence ip between the NK structures {g, J) and 
{g, J) if and only if there exists a (possibly different) local equivalence of the two 
NK structures that, in addition, maps g into itself. From this, the conclusion follows 
from the first part of the proof. □ 



5. The space of solutions of the differential system and 
non-homogeneous nk structures 

In this section, we study the space of solutions to the differential problem de- 
scribed in Theorem 13.31 (ii) and (iii). To this purpose, we consider the following 
change of variables. For any map (/i, /2, /a, f4) :]a, 6[c M — > M** with /i < 0, choose 
to G]a, b[ and define 

■= / TTT ^"^ ' 9{t) -=1 I /i(") d.'U' ■ 
J to hm 2 J^^ 
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Being s' = < 0, we may consider the inverse change of parameter t = t{s) and 
set 



h,{s) := g{tis)) , h^is) ^(tGs)) + h{t{s)) , 
h3{s) := f2it{s)) - /3(t(s)) , h^s) := 2 f4(i(s)) 



(5.1] 



Using the fact that ^ — fi{t{s)), one gets that h[{s) = i and the system 

p.2ip turns out to be equivalent to a handier differential system on the /li's. The 
results are given in the following proposition. 

Proposition 5.1. The change of variables ([5]) gives a one-to-one correspondence 
between the maps (/i, /2, /a, f4) :]a, &[— ^M"* satisfying (ii) and (Hi) of Theorem\3_ 
and the solutions {hi, /12, ^3, hi) ■]ct, >■ K"* to the regular O.D.E. system 

'^l + h-i-hi-hi - U ' 



2ApL h[h2 = , 



'^3 hl-hl-hl + ^^l^ '^I'^S - U , 

h'l + 24^ h[h4 - 4/i4 = , 

with initial conditions hi{0) Oi, h[{0) :— hi satisfying the equations 

ai = , 1(02,03, 04, bi,b2, 63, h) = Or4 , 

where the map X — {I^ , . . . ,1*) : — )■ is defined by 

2 ^2 , . , „^ 



(5.2) 



(5.3) 



= 12fi{al -al- al) + 61 + 63 



I2 = 4a2 ^ ^2 _ ^2 _ ^2 _ 52 _ 253&1 



a2^2 - 03^3 - 0464 - 03^1 , 



(5.4) 



= ^hi{al-al-al) + al 
and so that, for any t, the first derivative bj {t) ~ h'j {t) satisfies the inequalities 

61 > , &2 - ^3 - ^4 - ^1 - 2fcifo3 < . (5.5) 

Proof. One can directly check that under the change of variables ([5|) the system 
p.2ip is equivalent to 

h'^ + 24^ h[h2 = , + h'l + 24^ h[h3 = , h'l + 24:fih[hi - ih^ = , (5.6) 

/13 + h[ + Uij, {hi -hj-hD^O . (5.7) 

By the proof of Theorem 13. 3[ we also know that p.22p is satisfied at to if and only 
if it is satisfied for any t. So, by the same arguments, we have that the condition 
(|3.22p is equivalent to the differential equation 

{h'2f ~ {h'3? - {Kf - {h'lf - 2h',h'3 + Ahl^Q. (5.8) 
Differentiating (|5.7p and subtracting (15. 6^ 0. we get 

1 



/i2/i2 - h^h'^ - hih'^ - h[h3 = -{hi -hi- hi)' - h[h3 = 



(5.9) 
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Now, we differentiate ()5.9p and replace the expressions for the second derivatives 
h'l , i — 2,3,4, determined by (|5.6|) . so to obtain the equation 

(K? - {h'zf - [h'if - Kh'z - 24^ h\{hl - hj - hj) -4hl = . (5.10) 

Then, subtracting (|5.8p from (IS.lOp . we have 

{h[ f + h[h'^ -8hl^ 24^ h[{hl -hl-hl) = (5.11) 

and, using (|5.7p . we get 

h[ {hi -hl~hl) + -^ hl = . (5.12) 
Finally, differentiating (|5.12p and using (15.91) we obtain the differential equation 



which together with (|5.6p gives the regular system (|5.2p . From the way the equation 
(|5.13l) has been derived, it is clear that the equations (|5.7p . (|5.8p . (|5.9p and (|5.12p 
are identically satisfied if and only if they are true at s = 0. They can therefore 
be considered as algebraic conditions on the initial conditions, to which one has to 
add the condition /ii(0) = due to the definition of hi. This gives (|5.3p . Since the 
inequalities (j5.5p correspond to Theorem 13. 31 (ii). the proposition follows. □ 

Remark 5.2. The proof of the previous theorem shows that the functions li, 
1 < * < 4, are first integrals of the system (|5.2p and that the curve / = (/i, /2, /a, f4) 
satisfying (ii) and (iii) of Theorem 13.31 with /i = 1 can be identified with a curve in 
the subset 

N ■.^l-\0)r\{bi>0}n{bl~bl^bl<0} CR^ . (5.14) 

Using Proposition 14.21 and the definitions of the functions /i^'s, one can check that 
two maximal solutions of (j5.2l) correspond to locally isometric structures (g, J), 
(g, J) (with g and 5 possibly non positively defined) if and only if their images in N 
are equal up to a transformation in the group T of transformations of generated 
by the elements 

Ti(a2, . . . ,04, 61, . . . , 64) = (-02,03,04, &i, -62, &3, ^4) , 

r2(a2,...,a4,6i,...,64) = (-02, -03, 04, -61, -62, -&3, ^4) ■ (5.15) 
In particular, we have that a solution of (|5.2I) corresponds to a locally homogeneous 
NK structure if and only if its trace in N is contained in one of the three curves, 
corresponding to the //'s described in !j4.2.1l - 14.2.3[ up to transformations in T. 

Theorem 5.3. There exists a 2-dimensional family of non-isometric, non locally 
homogeneous, strict NK structures on M —] — e, e[xG/ K for a suitable e > 0. 



Proof. Consider the initial data for the differential problem (j5.2p 

Xo = (01,02,03,04,61,62,63,^4) = -^(0, \/3, Vs, \/6,4,0, 0,-2\/2) , (5.16) 

whose solution H{t) corresponds to the homogeneous NK structure described in 
ij4.2.3l The subset N defined in (j5.14p can be easily shown to be a 3-dimensional 
smooth submanifold in a suitable neighborhood hi oi Xq. We can also suppose that 
U n t{U) = for any t G T. Since H{t) defines a positively defined metric g, we 
can shrink U so that any point x eU \ Trace(iJ) gives a solution corresponding to 
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a non- locally homogeneous strict NK structure. By Remark [521 2-dimensional 
submanifold, transversal to the solutions in U, gives a 2-parameter family of initial 
data corresponding to non-equivalent NK structures. □ 



6. COHOMOGENEITY ONE NK MANIFOLDS WITH ONE SINGULAR ORBIT 

Let G — SU2 X SU2 and consider its natural cohomogeneity one action on M :— 
G XhV, where the subgroup H is the diagonal subgroup (SU2)diag and the vector 
space y = M'^ is i7-isomorphic to the Lie algebra () acted on by H via the standard 
adjoint representation. The manifold M is clearly diffeoniorphic to TS^ = xM.^ 
and it can be realized as a tubular neighborhood of the singular orbit S" ^ S''^ in 
or X endowed with the G-manifold structures described in §4.2.1 and §4.2.3. 

In this section we classify (up isometrics) all G-invariant strict NK structures 
defined on M. 

Let E± ,V± e be defined by 

E±:^Ei±E2, V±:^Vi±V2 

and note that f) — Span{[/, E+, V+}, while m := Span{A, £'_. V-} is the orthogonal 
complement of f) in g. We also fix the curve jt ■— [(e,iC/)] in M with t e M and 
for any 2-form uj on M we denote by :— uj\-y^ its restriction to 7*. We know that 
for any invariant 2-form w on M \ S the restriction ut is of the form ut — /jwj, 
where the a;"s are defined in 

Proposition 6.1. A G-invariant 2-form oj on M\S corresponding to oj^ = /jwj 
on 7(, t ^ 0, admits a smooth extension on the whole M if and only if all f[s extend 
smoothly at t = and the following conditions are satisfied: denoting ai /i(0), 
A := im, 1 < i < 5 

i) /i; /4 ^''6 even and /2, /s, /s are odd; in particular a-i — ol^, = = 0; 

ii) 

/33 = 2*^1 + /^z, A"5 = -^"1 - /32, "4 = 0. (6.1) 
Moreover if uj extends on M , we have that (w^q)'^ 7^ i/ and only if ai 7^ 0. 
Proof. Let t, x, y be the cartesian coordinates on V determined by the basis 
("71^' -^+' ^+) ^^'^ notice that A, £'_, V-} is a frame field in a neigh- 

borhood of po := 7o with dual coframe {dt, dx, dy, A*,E'^, V*}. We have that 



and therefore (with the notations as in ([3])) 



El=-^dy + 2E*_ , V* = ^dx + 2V1 



E; = -^dy-2E*_, ^^dx- 2V1 



y2, „™ V2 

Using one can find that 

ut = fidtAA*+ /2 
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+/3 (^-E*_ - ^dy^ A (^-V* + ^dx^ + "^.U {-E*_ Ady + V*A dx) + 
+/5 l^-2E*_AVl + ^dxAdy 
= 2 ^ ^l^^ dxAdy+ (/2 + h- 2/5) E*_ A y! + 



^ (dx AE*_+dyA VI) + -^h {-dx AVl+dyA E*_). 

The restriction to \ {0} of the G-invariant form lo on M \ S gives a i7-equi variant 
map 

Cj:V\{Q} — > k^{V* +m*)'^V + m. + V* (^m* 
and u) smoothly extends to the whole V if and only if each component w^, w'", 

We consider the component Cj^ . Under suitable identifications, we see that ui^ is 
a SOa-equivariant map such that w^(t, 0, 0) = 0, 0), where (pit) := 2 /^+/3+^/^ 

for i 7^ 0. It is then easy to see that uj^ extends smoothly on the whole V if and 
only if extends to a smooth odd function on M. This means that /2 + /s + 2/5 
extends as an odd function with 

/32 + /33 + 2/35 = 0. (6.3) 

The condition on Gj^ is similar and its extendability is equivalent to the extend- 
ability of /2 + /s — 2/5 as on odd function. 

We now identify the i?-modules V and m by means of the map U ^ A, E+ 
E^,V+^ V- and we further split V* (E)m* = S^{V*) ® V and w^'®"'' = wi + (^2 
accordingly. From (|6.2p we have that the condition on uj2 is equivalent to say that 
^ extends as an odd function, i.e. extends evenly with /4(0) = 0. 

As for the extendability of wi, we first write lou :— uJil^t as 

1 ..2 , 2(/3-/2) ,^2 



= -j= (^/i dt' + ^-^"^ [dx' + d?/^ 

From this and the invariance under the symmetry 1 1— > — i, we see that both /i and 
•^^"•^^ must extend smoothly to even functions on the whole M. This implies that 
/2 — /a extends as an odd smooth function. By previous remarks we deduce that 
Ji, /s and /5 extend as odd smooth functions. 

We now determine Zj\ explicitly at any point p — (t, x,y) V with x'^ + t"^ ^ 0. 
If 0, are defined as 



y ^ VWTx^ I I • J, ^ J. i 

„ — u _ where p = \p\ "'" — — 



p p Vi^ + j^ V? 

then the transformation 



B 




maps p into (p, 0, 0). Hence aji(p) = iuji(_B ^(p, 0,0)) = i3 ^ • wi(/9, 0, 0) is equal to 

^1 [p) — ~~j= [/i (p) (cos • cos (p dt + cos 6* • sin ip dx + sin dy)'^+ 
v2 

+A(p) ((— sin0 + cos(/) dx)^ + (— sin0 • cos0 dt — sinO ■ sincj) dx + cos9 dy)^)] — 
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{hi4 + Kp) (l - ^)) + ^ (/i(.) J + A(p) (l - J)) 



p' ' P 

+V2% {hip) - \{p)) dtQdx + V2% {flip) - X{p)) dt dy+ 

p^ 

+V2^ {fi{p) ~ X{p)) dxQdy, 
P 



where A — -All— 121^ Since both fi and A extend as even smooth functions we see 



^ 2(/3-/2) 

that wi extends smoothly if and only if 

ai = /i(0) = A(0) = 2(/33 -/32). (6.4) 
From this and (|6.3p . condition (ii) follows. Finally, from (i) and (ii), one has that 
loq = ai (^dt AA* + ^{dx A El + dy A V2)^ , from which last assertion follows. □ 

We now study the case when the two-form oj is the Kahlcr form of a strict NK 
structure. 

Proposition 6.2. Let uj be a G-invariant two form on AI\S and ujt = /jw' its 
restriction to 74 . Suppose that uj is the Kdhler form of a strict NK structure and 
that it extends smoothly to the whole M. ///i(0) 7^ 0, then 

i) /4 = and (0)^0; 

ii) the 3-form duj is stable at all points of M . 

Proof. First of all, notice that if uj extends smoothly, then the fiS satisfy the system 
(|3.21|) for any i £ E. Now, to prove i), recall that, by the proof of Lemma [321 one 
of the ratios ^ or is constant. Since f^ and /s extend to an even and an odd 
function, respectively, it follows that either /4 = or /s = 0. 

Assume that f^ — Q. Then, by Proposition HHl the even function /4 satisfies the 
differential equation ([2211)3 with /4(0) = and f'^{0) — 0. This implies that /4 = 
contradicting the fact that /| + /| 7^ by Theorem [33|(i) . So /4 = 0, /s 7^ and, 
by the same argument, /5(0) 7^ 0. 

For (ii), recall that by Proposition 16. II the form {iotf is a volume form in T^^M 
for every t and that the G-invariant 3-form duj is stable at all points of M if and only 
if P'{dio\-y^) < for any where P' is the polynomial map on 3-forms, defined in 
i j2.1l on the base of the volume form — (wt)^. This volume form can be expressed 
in terms of n = uj] Aoj^ Aojf by 

r[ = &fi{f2fz~ fl)Tt ■ 

Hence, from ()2.2p and the expression p.l9p for the polynomial map P, determined 
using the volume form Tt, for t > we have 

Now, P'{duj\j^) < for i 7^ by p. 121) and therefore we only need to prove that 
P'(dw|..yJ) < 0. This follows from the fact that using ([XT^ and Prop. [HUl 



P'idujlfo)) = linit^o+ P'{duj\^J) ^ - limt^o+ 93fi{f^fl-f^)2 = 

4(/^(0))^ 4° (/5(0))^ ^ n n 

- ~9^/i(0)^ (/^(0)/^(0)-(/'(0))-)- - 9^Vi(0)» ^ 
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Corollary 6.3. Let fi, 1 < i < 5, be smooth functions on some interval] — a, a[C M 
with 

i) /4 = and fi is even with fi < 0; 

ii) /2,/3,/5 are odd with = i/i(0) + /^(0) and f^{0) = -i/i(0)-/^(0) ^ 

0; 

iii) the f^s satisfy the differential system p.2ip together with the algebraic con- 
dition ([3:22)) . 

Then there exists a tubular neighborhood % — G ■ 7|[o,e[ of S, < e < a, and a G- 
invariant strict NK structure {g, J) on aTe, whose Kdhler form lo is the G-invariant 
2-form associated with Ut fiLU^ at the points 74 . 

Proof. The initial conditions /i(0) < and /5(0) 7^ imply that the functions 
/i's satisfy (i) and (ii) of Theorem 13.31 on a suitable subinterval ] — e,e[. Therefore 
the two- form w, corresponding to = ^ fi^\ i 7^ 0, defines a strict NK structure 
{g, J) (with g possibly not positive definite) on Te\ S. By Propositions 16.11 and 
16.21 u! extends smoothly also at the singular G-orbit S and dui is stable everywhere. 
Hence the corresponding NK structure {g, J) extends smoothly on the whole 7^. 

It remains to show that, by possibly choosing a smaller e > 0, the metric g is 
positive definite on Te- Using the notations of the proof of Proposition 16.11 the 
tangent space at po = 70 is identifiable with Tp^T = F © m as iJ-module. Note 
that U ^ eV and that 

JU = lim J('y'f) ^ lim -^A^, = —A e m 

t^o t^o fi '* ai 

by (|3.15p and p. 221) . In particular, we have that JV n m ^ and, being V and m 
irreducible i?- modules, it follows that JV = m. On the other hand, from (|6.2I) . we 
see that ujp^ {V, V) — ujp^ (m, m) = and hence that gp^{V, m) = 0. 

Since g satisfies (|2.8|) . we have that gp{U, U) — limj^o 5(747 7t) = 1- From this, 
i/-invariance and J-Hermitianity, it follows that gp^ is positive definite owVxV 
and m X m and hence on the whole tangent space Tp^Te- A value e > 0, so that g 
is positive definite on %, can be now chosen by a simple continuity argument. □ 

We now prove the main result of this section. 

Theorem 6.4. There exists a one parameter family of non isometric, G-invariant 
strict NK structures on TS^ 5^ S'^ x K^. 

Proof. In order to find G-invariant strict NK structures on TS^, we look for func- 
tions /j's satisfying (i)-(iii) of Corollarv l6.31 Since we need solutions of (I3.21[) and 
p.22p with fi nowhere vanishing, we may replace that system of differential equa- 
tions and algebraic conditions by those obtained through the change of variables 
considered in Sj5l whose notations will be kept throughout the following. Setting 
fi = 2 and using the change of variables ([5]) with to = and /i4(s) = 2/5(^(5)), we 
see that looking for functions /i's as in Corollarv 16.31 is equivalent to looking for 
functions hi, 1 < i < 4, on ] — e, e[ so that: 

a) they are odd; 

b) they satisfy (|5.2p at any s 7^ 0; 

c) they satisfy the initial conditions (here hi :— hi{0)) 

foi>0, b3 = -bi, b2 = -bi^0. (6.5) 
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Indeed, the initial conditions in Corollarv l6.3l fi').(ii) are equivalent to ()6.5|) . whicli in 
turn imply conditions (|5.4p . since ai — hi{0) — for any 1 < i < 4. Note also that 
condition 62 7^ can be replaced by &2 < 0, since the transformation /12 — > — /12 
(corresponding to the change {J2, fz) ^ (~/3i— /2)) gives rise to equivalent NK 
structures (see Proposition I4.2[ transformation (|4.6p ). 

Being the system (|5.2p singular at s = 0, a necessary condition for the existence 
of solutions /li's satisfying (a) - (c) is that 

lim ^ ^ = 2(bl--bl]=0. (6.6) 



>o s V 9 , 

This means that (|6.5p can be replaced by the initial conditions 

b2 = -3biy/b^, 63 = -61, b4^3bl^/h, bi > (6.7) 

and that the whole problem corresponds to looking for smooth odd functions hi 's 
satisfying ()5.2p and ()6.7p on an interval ] — 

For this, it convenient to re- write the smooth odd functions /i^'s as follows: 

hi = spi, i = 1, 2, 4, hs = s{p3 - pi) 



where the pi's are some even functions. Then, ()5.2|) and (|6.7|) are equivalent to the 
following system on even functions pi's 

J- 2 r„/ I 18 Plp'i(p3~Pl)+P4P4 l I 
Pi + s IPl + 9(pi-(p3-pi)2-p^) J 

I 2 9Pl (P3-Pl)+P4 I 2pf (p3~Pl) _ r) 

^ 9(pi-(p3-pi)^-pl) Pi-(P3-Pl)2-Pl ~ " ' 

P2 + f J32 + 48 Pi P2 + 48 s Pi P2 = , (6.8) 

P3 + f P3 + 48 Pi (P3 - Pi) + 48 S Pi (P3 - Pi) = , 

P4 + I P4 + 4 P4 (12 Pi - 1) + 48 s Pi P4 = , 
satisfying the initial conditions (here, Ci := Pi(0), while p^(0) = by evenness) 

C2 = -3ci^/cl , C3 = , C4 = Sci^cT , ci > . (6.9) 
If we now set V : (— e,e) — )■ R'' with P := (pi, . . . ,P4) and Q :— V' , we see that 



(6.10) 



6.8p and (|6.9p are equivalent to a system of the form 



Q' = ^A{V) + ^B{V, Q) + C{s,r, Q) 

with initial conditions 

7^(0) = (ci,-3ciV5r,0,3ciVHr), Q(0)=0, ci>0, (6.11) 

where A, i? and C are smooth R'^-valued functions defined on suitable open neigh- 
borhoods of 7^(0) e K'*, (P(0),0) g and (0,'P(0),0) e R^, respectively. 

We claim that there exists a formal power series solution V of (|6.10p of the form 

n— ^ n— 1 ^ ^ 
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In fact, itV,Q are as in ()6.12|) . for suitable A2n, i?2n+i, C2n G K^, one has that 



AiVis)) = J2 



A 



2n 2n 



n=0 



(2n) 



and P and Q are formal solutions of (|6.10l) if and only if, for any n > 0, 



2n+2 



(2n + 2)(2n+l) 2r;. + 1 



Co 



(6.13) 



Since 



B2n+1 — 



^2n+2 — dA\-p(^Q-) 
^2„+l 



jB{ris\Qis)) 

■ 'P2n+2 



■ 1^2,1+2 mod [Vo, 1^2,7^4, . . .,V2n), 
d2„ 



p'fs) ^ T' (s) 



mod (■Po,7'2,-P4,...,7'2„) 



(P(0),0) 

equation (|6.13p can be re-written in the form 

-(iA|p(o)'^2n+2 ' 



as 



2n+2 



(2n + 2)(2n+l) ""W ' ' 2n + 1 

for a fixed function I?2n of , "^2 , "^4 
series solution of the form (I6.12p if and only if for every n 

^2n • 'P2n+2 = D2m 

where C2n is the 4 x 4-matrix 

1 I dB 

-^'^^ (2n + 2)(2n + l)^^'^(°^ " 2;rTT as 

Since 



.14) 



■7'2n+2+-D2n 

(P(0),0) 

, 7^2)1 • It follows that there exists a formal 



(■P(0),0) 



/6 -2 





VO 






/ 



dB 

m 



(P(0),0) 



6 

2 

2 

Vo 





2 



'"^:Tj^ (ir+r) ^Oforeveryn>0 



and the 



we have that that det(£2n) — j2ri 
sequence V2n+2 ^ ^2n ' uniquely determines a formal solution of the form 

By Malgrange Theorem ([IBi, Thm. 7.1), the existence of the formal solution 
{V, Q) implies the existence of a smooth solution {V, Q) of (|6.8p . whose Taylor 
expansion at coincides with {V, Q). This solution can be determined with V 
even: In fact, given an arbitrary smooth solution V of (j6.8p with Taylor expansion 
V at 0, the even function 7'(i) = "Pdi]) is smooth also at (because V has no odd 
degree monomials) and {V, Q = V) is a solution of (|6.10[) . as it is immediately 
checked. 

A smooth even solution V gives rise to a strict NK structure (<?, J) on TS^. 
Recall that g is Einstein and hence real analytic by [7]. Since the Killing vector 
field A is non- vanishing along the geodesic 74 and /i (t) coincides (up to a multiple) 
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with the norm ||^||7t (see (I3.15|) and (|3.20|) ). we have that fi{t) is real analytic. 
By a direct inspection of the system ()5.2p . we also have that ft,2, and the 

corresponding V are real-analytic. From this we get that any NK structure on TS^ 
determined by the solutions V are uniquely determined by the initial data and in 
particular, by the choice the parameter 61 = ci > in (j6.9p . 

It remains to show that two NK structures {g, J), {g, J), corresponding to initial 
data hi, hi > 0, are isometric if and only if hi = hi. 

First of all, we claim that bi corresponds to a locally homogenous structure if 
and only if bi — ^ or bi — j. In fact, {g, J) is locally homogeneous if and only if 
there is an isometric equivalence between an open neighborhood U of po = 7o a-nd 
an open subset U' of one of the compact homogeneous NK spaces N, described in 
ProDOsition l4.1l If g is properly identified with a subalgebra of aut( A^) , the isometric 
equivalence can be assumed to be g-equivariant. Notice that the only spaces N, 
admitting a cohomogeneity one action of G with a singular orbit G/H = S^, are 

and x S^. Now, the claim can be checked using the explicit descriptions of 
homogeneous NK structures in §4.2. Indeed, when N = x the expressions 
in §4.2.31 immediately give that bi — ^, while in the case N = more work is 
needed. In fact, one has to: a) rescale the metric considered in i j4.2.1l in order 
to have ^ = ^ = 2; b) replace the geodesic 7 with ^{t) = ^{—^/2t + so that 
1 17'| I = 1 and 7(0) g S; c) change J into — J so that the new functions fi meet all our 
assumptions on signs. They are /i = — cos{\^t) and fi{t) = —^fi{~V^t + 
i> 2, and give 61 = j. 

Consider now initial data &i, 61 > 0, corresponding to locally isometric NK 
structures (g, J), (g, J). By the previous claim, we may assume that they are not 
locally homogeneous. In this case, \i 4> :U <Z TS^ W C TS^ is a local isometry 
between g and g' on a neighborhood U of po — Jo & S ~ S^, we have that cj) 
locally maps G-orbits into G-orbits. In particular, po is mapped into a point of the 
singular G-orbit S and, by composition with some element of G, we may assume 
that (j){po) — Po and 0(7t) = for every 74 £ 14. From this and Proposition 14.21 
it follows that the quadruples (/i, /2, /a, f4) and (/i, /2J /a, f4), corresponding to 
{g, J), (g, J), coincide. This implies that bi =bi, and the proof is concluded. □ 
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